
Oil Ganglion Dynamics During Immiscible 
Displacement: Model Formulation 

A model is formulated in order to study the transient behavior of oil ganglion 
populations during immiscible displacement in oil recovery processes. The model 
is composed of three components: a suitable model for granular porous media; a 
stochastic simulation method capable of predicting the expected fate (mobiliza- 
tion, breakup, stranding) of solitary oil ganglia moving through granular porous 
media; and two coupled ganglion population balance equations, one applying to 
moving ganglia and the other to stranded ones. The porous medium model consists 
of a regular network of randomly sized unit cells of the constricted tube type. 
Based on this model and a mobilization-breakup criterion, computer aided simu- 
lations provide probabilistic information concerning the fate of solitary oil ganglia. 
Such information is required in the ganglion population balance equations, the 
solution of which delineates the conditions under which oil bank formation suc- 
ceeds or fails. Successful oil bank formation depends on the outcome of the 
competition between the process of oil ganglion deterioration through breakup 
and stranding on one hand and the process of oil ganglion collision and coalescence 
on the other. The parameters entering the system of population balances are 
initial ganglion number concentration, average ganglion velocity, ganglion dis- 
persion coefficients, ganglion stranding coefficient, ganglion breakup coefficient 
and probability of coalescence given a collision. These parameters are, in turn, 
functions of the porous medium geometry, capillary number, ganglion size distri- 
bution, flood velocity, oil saturation and flood composition. 
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SCOPE 

Even though considerable effort has been devoted by several 
investigators to the study of the conditions under which a single 
oil ganglion can get mobilized, no attempt has been made, prior 
to the present work, to describe theoretically the fate of an oil 
ganglion, once mobilized. However, the fate of a mobilized oil 
ganglion and, more importantly, the collective fate of a popula- 
tion of oil ganglia engulfed by a chemical flood are problems of 
fundamental significance in understanding the formation of an 
oil bank and elucidating the mechanisms through which sig- 
nificant amounts of oil remain entrapped. A related problem of 
even higher significance is the shedding of large oil blobs from 
the trailing edge of a moving oil bank. * Such blobs find them- 
selves immersed in a deteriorated and probably incompetent 
part of the chemical flood, and as they move they continue 
breaking down into smaller ganglia which gradually get 
stranded. Hence, a flood fails to mobilize all the oil in place; 
moreover, a significant part of the mobilized oil is left behind 
by the moving oil bank in the form of a trail of stranded ganglia. 

Clearly, in order to develop a good understanding of the 
dynamics ofthese phenomena, formulation of a realistic porous 
medium model, which can be used for the study of oil ganglion 
motion, coalescence, breakup and stranding is necessary. 

The need for such a porous medium model has been stressed 
repeatedly by several investigators. Melrose (1970) points out 

that in order to predict the set of experimental observations 
usually recorded, knowledge of the cooperative behavior of an 
ensemble of a very large number of interconnected cavities is 
required. Various models for investigating the statistical as- 
pects of immiscible displacement have been proposed in the 
past (Fatt, 1956; Everett, 1958; Ksenzhek, 1963; Iczkowski, 
1968) but have not succeeded in incorporating all the necessary 
features of the porous medium. A comprehensive review of 
porous medium models with special reference to their applica- 
bility to the modeling of drainage and imbibition was given by 
van Brake1 (1975), who concluded that none of the porous 
medium models existing at that time succeeded in providing a 
satisfactory basis for the modeling or simulation of immiscible 
displacement. 

The objectives of the present line of investigation are: the 
development of a suitable porous medium model for unconsoli- 
dated granular media, the theoretical and experimental study 
of the fate of solitary ganglia and the development of a method 
for the quantitative prediction of the dynamics of large popula- 
tions of oil ganglia in porous media of this type. It is hoped that 
the results will provide useful insights that can be transferred 
to real reservoirs. It is also conceivable that the method can be 
generalized sufficiently to allow quantitative studie5 in  consoli; 
dated porous media. 

CONCLUSIONS AND SIGNIFICANCE 

A model for unconsolidated packings of grains or spheres is 
developed which is suitable for the modeling of the dynamics of 
oil ganglia during immiscible displacement. This model con- 
sists of a network of randomly sized unit cells of the constricted 
tube type. 

A mobilization-breakup criterion is formulated in a compan- 
ion publication (Ng and Payatakes, 1980) which takes into 
account the size, shape and orientation of the oil ganglion; the 

local topology of the porous medium; the interfacial tension; 
the wettability and the macroscopic pressure gradient. Based 
on this criterion a computer-aided stochastic simulation 
method is developed for the prediction of the fate of solitary oil 
ganglia. As an illustration, the. probabilities of mobilization, 
breakup and stranding per rheon, the stranding coefficient and 
the breakup coefficient are calculated under typical conditions 
(a more extensive study is given in Ng and Payatakes, 1979). 
One of the major conclusions arising from these simulations is 
that the probability of breakup per step (rheon) taken by a 
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ganglion is quite high (typically 0.10 to 0.15). Hence, solitary 
ganglia are destined to disintegrate rapidly into smaller daugh- 
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ter ganglia, all ofwhich eventually become stranded (unless the 
capillary number is high enough, hJca > lo-*, to mobilize small 
oil ganglia, each occupying just one chamber of the porous 
medium.). 

Two coupled integrodifferential equations [Equations (31) 
and (32)] are formulated in order  to describe the transient 
behavior of a large population of interacting oil ganglia under- 
going immiscible displacement. Expressions for the collision- 
coalescence kernels of these equations are developed, Equa- 
tions (34) to (39). Most of the parameters appearing in the 
population balances, such as the breakup and stranding 
coefficients, can be calculated readily from the results of the 
stochastic simulation of the fate of solitary ganglia, Equations 
(40) and (41). However, two key parameters, namely, the aver- 
age velocity of a ganglion and the probability of coalescence 

given a collision between two ganglia, require additional in- 
formation. Studies a re  currently in progress to determine 
these parameters as  functions of the system variables. 

Integration of Equations (31) and (32) to obtain the zeroth 
and first moments will show whether, under a given set of 
conditions, the oil ganglia tend to organize themselves through 
coalescence into fewer and larger ones (incipient oil-bank for- 
mation) or  whether they tend to disintegrate into more numer- 
ous and smaller ones, which eventually become stranded again 
at  downstream ppsitions. 

The main restriction of the present version of the model is 
that it applies to immiscible displacement in water wet uncon- 
solidated sandpacks (or similar porous media). Work is under- 
way to expand the model to the case of consolidated porous 
media, such as sandstones, dolomites, etc. 

Prediction of mobilization and of the snbsequent motion of oil 
ganglia through porous media ofcomplex geometry is a problem 
of major importance in the area of tertiary recovery with chemi- 
cal flooding. Unfortunately, it is an intransigent problem that 
has defied numerous efforts by able investigators, even though 
some of its aspects have been elucidated. The source of the 
difficulty is manifold. 

QUASISTATIC DEFORMATION OF OIL GANGLIA 

At the end of secondary flooding, the fraction of the reservoir 
void space still occupied by oil ganglia is in the range of0.25 to 
0.50.* The objective of tertiary flooding is to recover part of this 
residual amount ofoil. Microscopic studies indicate that residual 
oil exists in the form of nodular blobs (ganglia) that usually fill 
one or more (up to fifteen) neighboring pores (Melrose and 
Brandner, 1974). 

Consider, then, a granular porous medium containing oil 
ganglia at randomly distributed positions, the remaining void 
space being occupied by formation water. In this work, the walls 
of the porous medium are assumed to be  water wet. According 
to Melrose and Brandner (1974), the system can be considered 
water.wet if the apparent contact angle, as measured from the 
water phase, 6 is less than 40 deg. Since an oil ganglion occupies 
a number of adjoiningpores, it will occupy not only the space of 
these pores but will also have numerous protruding appendixes. 
Each appendix occupies part of a constriction (throat) connect- 
ing a pore filled with oil and a pore filled with formation water. 
The conditions of static equilibrium for such an appendix are 

Po - Plr = Yoc l o w  (1) 
yoS = yrs + you. case (2) 

Equation (1) expresses the condition for hydrostatic equilibrium 
applicable to each point of the oil-water interface. Equation (2) 
applies in a similar fashion to every three-phase contact line. 
Although Equations (1) and (2) are sufficient to express hydrosta- 
tic equilibrium, a third relation is necessary to ensure that the 
oil-water interface is also stable, that is, capable of withstanding 
small perturbations without collapsing. This was noted by 
Gibbs, who discussed a particular case in quantitive terms (Mil- 
ler and Miller, 1956; Melrose 1965, 1968). Melrose (1970) 
developed the following criterion for configurational stability, 
based on thermodynamic arguments: 

40,. < o  For f? < 40" the interface is stable if - 
a c  

(3) 

For 0 > 140" the interface is stable if dJ,,,< 0 a, 
"In sandpacks and other unconsolidated media, the residual oil is typically in the 

range 0.1 to 0.2. 

Examples of stable and unstable configurations are given in 
Melrose and Brandner (1974). For a given pore throat geometry 
and fluid-fluid-solid system there are two limiting configurations 
of the fluid-fluid interface such that they envelope all stable 
configurations. The only stable configurations are those for 
which the magnitude of the curvature] is intermediate to the 
curvatures of these limiting cases. The maximum curvature is 
referred to as the drainage curvature]*, and the minimum 
curvature as the imbibition curvature Jim*; the ratio J i m d J d r  is 
equal to - 0.65. 

At rest the pressure around a ganglion is uniform and so is the 
pressure inside it. Hence, the pressure difference across the 
interface of each appendix of a ganglion, P,,-P,., is the same. 
From Equation (1) it follows that under static conditions the 
mean curvature of every appendix interface],,,,. is the same and 
has a value in the range between Jim,, and I d r .  

Ifan external pressure gradient VP is imposed, the continuous 
aqueous phase starts flo_wing with a spatial average velocity 
given by Darcy's law, u = - (kv/pK) VP. Mobilization of oil 
ganglia begins when the flood rate is made sumciently high for 
the viscous forces at the oil-water interfaces to start competing 
successfully with the capillary forces. Not all oil ganglia are 
mobilized under a given set of conditions. A given ganglion 
which is not mobilized at a given pressure gradient responds to 
the normal and shear stresses acting on it by readjusting slightly 
the lengths of its appendices. Upstream appendices contract so 
that their curvatures decrease. Downstream appendices elon- 
gate, approaching the narrowest cross section of their respective 
constrictions, so that their curvatures increase. The pressure 
field within such a ganglion is still uniform, but now the interface 
curvatures of its appendices are no longer the same, as the 
external pressure field is not uniform. At each appendix inter- 
face, the curvature accords with the local pressure difference 
between the two phases, if it is assumed that the viscous tan- 
gent stresses are relatively small. 

OIL GANGLIA IN MOTION 

A ganglion which gets mobilized undergoes profound 
changes. To describe its motion we will adopt the terminology 
used by Heller (1968) and Melrose and Brandner (1974). The 
motion of the oil ganglion is episodic, consisting of a series of 
relatively sudden leaps in the general downstream direction 
separated by comparatively long periods of slow deformation of 
the interfaces of the appendixes. Such a sudden leap will be 
called a ganglion rheon. Each ganglion rheon involves at least 
two individual displacement events, or rheons (Melrose and 
Brandner, 1974). One of these will be of the imbibition type, in 
which water invades a pore which was occupied by the ganglion 
before the ganglion rheon. This type of rheon is called a hygron. 
The other will be ofthe drainage type, in which apore is invaded 
by the advancing appendix of the ganglion and gets filled withoil 
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Figure 1. Typical unit cell of the porous medium model ( - h ' / 2  5 z 5 
h' /2 ) .  The wall profile is  a sinusoidal function inz. The segment ( - h / 2  S z  

5 h / 2 )  is  the extended unit cell. 

displacing the original mass ofwater. This type ofrheon is called 
a xeron. The drainage rheon (xeron) usually occurs at t h e  down 
stream or low pressure side of the ganglion. The imbibition 
rheon (hygron) usually takes place at the upstream or high 
pressure side. In porous media with very irregular geometry, it 
is possible that if the hygron occurs in an unusually large pore, 
two xerons will be required to accommodate the oil volume. On 
the other hand, two hygrons may be necessary to supply enough 
oil to a large xeron. Finally, if the proper conditions for a hygron 
develop at the middle of a slender oil ganglion, then the result- 
ing ganglion-rheon will involve only the downstream part of the 
ganglion, while the upstream part remains trapped; this event 
would result in partition of the ganglion. A given ganglion will 
continue moving with a succession of ganglion-rheons until 
either it breaks into two daughter ganglia or it reaches a position 
where the local pore and constriction topology is such that the 
ganglion is trapped and cannot be mobilized without appropri- 
ate change of the conditions. 

Motion of liquid-liquid interfaces is a problem of considerable 
complexity, even when it takes place in conduits of relatively 
simple geometry. Tube geometries which are thought to be akin 
to the configuration of the void space in granular media are those 
of periodically constricted tubes. The converging-diverging 
character of the flow channels has been incorporated in the 
formulation of porous medium models for packings of sand 
(Payatakes, Tien and Turian, 1973 a,b; Payatakes and Neira, 
1977) and its importance for oil displacement has been recog- 
nized by Melrose (1970), Slattery (1974), Stegemeier (1976) and 
Oh and Slattery (1976). Slattery (1974) and Oh and Slattery 
(1976) have undertaken a theoretical study of the motion of oil 
blobs in sinusoidal tubes in order to gain some understanding of 
the episodic motion of ganglia, which in turn can be  applied to 
the complex geometry of oil bearing sandstones. 

The problem of liquid-liquid interface motion in conduits of 
nonuniform cross section becomes further compounded in the 
presence of surfactants, which are employed in chemical floods 
to facilitate oil mobilization. The change in the area of the 

moving interface during a rheon and its possible renewal may 
lead to a change of the surface concentration of the surfactant 
and aconcomitant change in the interfacial tension. Since such a 
change would mean that the surfactant concentration at the 
interface is no longer at equilibrium with the bulk concentra- 
tion, mass transfer and adsorption-desorption phenomena will 
be established. That this phenomenon is present and possibly 
important was demonstrated experimentally by Reisberg and 
Doscher (1956). Whether or not the mass transfer phenomenon 
is important in a particular situation where a water-oil interface 
is moving in an episodic fashion (series of rheons) will depend 
strongly on the nature and concentration of the surfactant, the 
flow pattern, the diffusion coefficient, the electrolyte concentra- 
tion, the rates of adsorption and desorption, the dimensions of 
the conduit in the neighborhood of the interface and the time 
scale of the interface motion. A comprehensive, satisfactory 
solution of this problem still eludes researchers in the area. 

DYNAMICS OF OIL GANGLION POPULATIONS 

Studies of the fate of solitary oil ganglia provide useful insights 
and quantitative information but cannot account for the entire 
spectrum of phenomena taking place during immiscible dis- 
placement. This, of course, is due to the fact that they fail to 
provide for ganglion-ganglion interactions, most notably colli- 
sion and coalescence. 

For given porous medium and immiscible flood conditions, 
only a number fraction of the entrapped oil ganglia gets 
mobilized. As discussed earlier, mobilized ganglia have a strong 
tendency to break into smaller ones. The ensuing smaller 
daughter ganglia become gradually stranded anew through ran- 
dom encounters with narrow throats. This tendency for deterio- 
ration through breakup and stranding can lead to very small 
microdisplacement efficiencies; fortunately, the situation is 
ameliorated by coalescence between colliding pairs of ganglia 
and remobilization. 

In order to describe mathematically the collective fate of oil 
ganglion populations, we propose the following strategy: 

1. Formulate a suitable porous medium model. 
2. Develop a method to calculate proabilities for the 

3. Determine an expression for the average velocities of oil 

4. Determine  axial and  lateral ganglion dispersion 

5. Determine the probability of coalescence given a collision 

6. Develop ganglia population balances. 
7. Integrate the ganglion population balances (the zeroth and 

first moments may suffice.). 
Obviously, formulation of a realistic porous medium model 

will be  the cornerstone for the entire scheme, as the porous 
structure is central to and permeates every facet ofthe mobiliza- 
tion and subsequent fate of oil ganglia. Other parameters of 
primary importance, as they emerge from this analysis, are the 
capillary number, the average velocity of oil ganglia, the rate of 
collision and the probability of coalescence given a collision. 

mobilization, breakup and stranding of solitary oil ganglia. 

ganglia of different sizes. 

coefficients. 

between two ganglia. 

SPECIFICATIONS FOR THE POROUS MEDIUM MODEL 

The objective of a porous medium model is to provide a 
reasonable idealization of the geometrical structure of a particu- 
lar class of porous media, based on which a transport process of 
interest can be  treated mathematically. To this end, the model 
should incorporate the most relevant characteristics of the pro- 
totype, while its complexity should he  held at a manageable 
level. From these considerations, it becomes clear that the 
porous medium model which is most appropriate for a given 
modeling application depends not only on the porous medium 
but also on the process under study. 

In order to formulate a realistic model suitable to serve as 
basis for the modeling of oil ganglion motion, breakup and 
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Figure 2. Two-dimemional depiction of idealized cubic network of unit 
cells. A conceptwl elemental void space (CEVS) and a unit cell (UC) are 
identified. An idealized oil ganglion occupying seven odjoining pores is 

also shown. 

coalescence, the following important characteristics must be  
incorporated in the design: 

1. The converging-diverging character of the flow channels 
must be retained. 

2. The effective size distribution of the constrictions connect- 
ing adjacent cavities should be in close agreement with that of 
the actual’porous medium. 

3. The model should have the same porosity as that of the 
prototype. 

4. The model should have the same number of constrictions 
per unit volume as the prototype. 

5 .  The degree of pore interconnectivity should reflect that of 
the prototype. 

6. The model should have the same number of pores (not to 
be confused with constrictions) as the prototype. 

7. The model permeability and relative permeability should 
agree well with those of the prototype. 

8. The model should be such that an oil ganglion could be 
identified within its framework with regard to size, shape and 
position coordinates. 

9. The local topology of the model should afford conditions 
leading to ganglion-rheons in the prototype. 

10. The model should be of manageable complexity, lending 
itselfat least to simulation studies ofganglion motion, fission and 
coalescence, and preferably to analytical treatment as well. 

A model which is believed to meet rather satisfactorily these 
specifications is described in the following section. 

FORMULATION OF THE POROUS MEDIUM MODEL 

The model proposed here is a network ofinterconnected unit 
cells of the constricted tube type. A unit cell has axial symmetry, 
and its wall profile is a sinusoidal function. Figure 1. Let r&) be 
the distance of the wall from the axis at axial position z .  It is 

(4) 
em 

h r,,(z) = %[(a +d) - (a -d) cos( - )I 
The unit cell is the segment corresponding to -h’E d z 4 h’l2, 
Figure 1. The reason for this formulation is that it maintains the 
realistic dimensions of the unit cells of the P-T-T (Payatakes, 
Tien and Turian, 1973) porous medium model, and at the same 
time it makes it possible for the model to retain the porosity of 

Figure 30. Two-dimension01 depiction of oil ganglion fission. (a). Mother 
gonglion before the ganglion-heon. The pair of unit cells through which 

the xeron (I) and hygron (K) toke ploce ore indicated. 

Figure 3b. Two dimensionol depiction of oil ganglion fission. (b). Dough- 
ter ganglia resulting from the mother ganglion of Figure 3 (a). 

the prototype as well as the number of constrictions per unit 
volume. In analogy with the P-T-T porous medium model, we set* 

a = c l d ,  h = c d  (5) 
a ’  7 % [ ( C I + l ) - ( c ~ - l )  C O S ( ~ C J ~ ~ ,  h’ =C$& (6) 

As in the case of the P-T-T model, we have 

The constriction size distribution is obtained from the initial 

*The assumptions expressed by Eq. (5) are not justified in the case olconsalidated 
porous media. In the latter case they will he  relaxed; Q and h will he assumed to be 
independent random variables and will be calculated tiom the size distributions olthc 
principal axes 01 the chambers. 
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Figure 4. Plotofvaluesof - @ I *  v s . r I * / r z *  withrZ*as theparameter. A 
number of lines with constant r l *  are also shown. (From Neira and 

Payatakes, 1979.) 

drainage curve (Payatakes e t  al., 1973; Payatakes and Neira, 
1977). The constant c3 is determined below. 

Consider a pore (cavity) of the porous medium and the narrow 
throats connecting it with its adjacent pores. Consider the nar- 
rowest cross section of each one of these satellite throats. The 
void space composed ofthe pore and its satellite throats up to the 
respective narrowest cross sections will be denoted as an ele- 
mental void space. An elemental void space in a packing of 
grains has a number of satellite throats, nth ,  which varies in the 
range 4 to 6, with average value around 5. For simplicity, we will 
assume that the unit cell network is a regular one. The tetrahed- 
ric network corresponds to nth = 4, whereas the cubic network 
corresponds to nt,, = 6. Melrose's (1965) analysis of imbibition 
and drainage indicates that the cubic network is a reasonable 
assumption for a random pack of uniform spheres or grains. 

e(1-Slri) = N,,.<V,,.> = ?h nthNp<Vuc> = ?4 n,,f-'<V,,,.> (8) 

We have 

A void volume halancr gives 

Using Equations (4) and (S), one obtains by integration 

V,, = -[cz(cl + 1)'rc3 - k2(c:- l)sinnc3 
d3  
16 

+ % ~ ~ ( c ~ - ~ ) ~ ( m ~ + s i n ~ c ~ c o s n c ~ ) ]  (10) 

(1 1) 
+ ?h cz(cl-1)2(m~+sin~c3cos~c3) = - 16& 

3nth 

which can be solved readily to obtain c3[cI and c2 are given by 
Equations (7)]. 

Equations (6), (7) and (11) together with the experimentally 
determined constriction size distribution and grain size distri- 
bution define completely the distributions of the characteristic 
lengths (u', d, h')  or (a, d, h )  of the UC's. 

To account for the interconnectivity between pores, it will be 
assumed that the unit cells are interconnected, forming a cubic 
network in the case of nth = 6 and a tetrahedric network in the 
case of nth = 4. 

Cubic Lattice 

A two-dimensional representation of the cubic network is 
given in Figure 2.  This network can be considered as a cubic 
matrix of conceptual nodes (with no volume or resistance to 
flow), interconnected with randomly sized unit cells. The step of 
the network equals the length of periodicity given by Equation 
(9). Each node is connected to six unit cells (the pair normal to 
the plane of paper is not shown). The unit cells have the shape 
shown in Figure 1 with random size, even though for the sake of 
simplicity they are depicted in Figure 2 with a simple uniform 
symbol, irrespective of their size. One node and the adjacent six 
half-unit cells comprise a conceptual elemental void space 
(CEVS). 

If a given elemental void space is occupied by oil, the corre- 
sponding CEVS is assumed to be occupied by oil, too. According 
to the model, when a CEVS is occupied by oil, the oil fills the six 
half-unit cells that belong to the CEVS under consideration. The 
representation of an oil ganglion occupying several adjacent 
pores is made in a similar way by filling the half-unit cells of the 
appropriate CEVS's Figure 2 .  Unit cells containing an oil-water 
interface are called gate unit cells (GUC). This is a realistic and 
convenient method of describing the size, shape and position 
coordinates of an oil ganglion. Furthermore, since the unit cells 
filled with oil are highly interconnected and the gate unit cells 
are randomly sized, the basis for mathematical simulation is 
present. 

Tetrahedric lattice 

The shortest distance between two nodes of a tetrahedric 

(12) 

network S is given by 
6 3  s =  --e - 0 . 8 6 ~  

2 

The side of each elemental tetrahedron K is given by 

K = 2 6 6 = a e  = i.414-e (13) 

Conceptual elemental void spaces and oil ganglia are defined 
as in the case of the cubic lattice. The main differences are that 
there are 4 half-unit cells in each CEVS and that the angles 
between intersecting unit cell axes are S s i n - l m  = 0.608~ 
rather than d 2 .  It should also be noted that whereasc, andca are 
the same for cubic and tetrahedric lattices, c3 is slightly larger in 
the case of the tetrahedric lattice [Equation (11)]. 

QUASISTATIC CRITERION FOR THE MOBILIZATION AND 
BREAKUP OF OIL GANGLIA 

In studying the motion and fission of oil ganglia, their shape, 
size, orientation relative to the macroscopic pressure gradient 
and topology of occupied space are important factors. Generaliz- 
ing and extending the Melrose-Brandner (1974) criterion, Ng 
and Payatakes (1980) developed an algorithm for the determina- 
tion of the conditions for mobilization, locations of the xeron and 
hygron and thr  conditions for fissions, Figure 3. This algorithm 
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TABLE 1. EXPERIMENTAL AND THEORETICAL ANALYSIS OF TYPICAL RANDOM PACKING OF GLASS SPHERES 

Experimental 

Exper.quant. 
E 

Microscopic analysis: 
<d,>, mm 
<do3>, mm3 
Initial drainage curve: 

<d,>, mm 
<dC3>, mm3 
<dC4>, mm4 

Experimental permeability 
k, mm2 

Swi 

1.0 

0.8 

Z 
0 

0.6 
z 
3 
IL 

z 
0 5 0.4 
m 

5 
vi 
0' 

E 
!i 

0 . 2  

0.0 

0.40 

0.470 
1.038 x 1 0 - I  

0.11 
0.177 

6.272 x 10-3 
1.258 X 

2.34 x 10-4 

i 
0 20 40 60 80 100 

dc, Pm 
Figure 5. Constriction size distribution of 100X200  sondpack. 

will not be reiterated here, but the main conclusions derived 
from Monte Carlo simulations, based on its repeated use, are 
given later i n  this work. 

Coalescence of Oil Ganglia 

If a ganglion while moving contacts another ganglion (moving 
or stranded), the two may coalesce. A finite time period is 

Theoretical 

Exper. quant. 
Unit cell geometry: 
CI 

c2 

c3 (cubic) 
c3 (tetrahedric) 
t, mrn 
rt* 
r2* 

-MI* (r,*, r2*) 

Calculated permeability: 
k, mm2 (cubic) 
k, mmz (tetrahedric) 

Collocation solution: 

2.141 
2.652 
0.531 
0.666 
0.449 
0.1885 
0.4035 

86.7 

3.97 x 10-4 
2.30 x 10-4 

required for the drainage of the aqueous film separating the two 
ganglia. When this film becomes thin enough, instability de- 
velops and the film collapses, resulting in the coalescence of the 
two ganglia. However, it is possible that before the separating 
film collapses, a new rheon may separate again the two ganglia 
[Ng, Davis and Scriven, 19781, in which case coalescence is 
averted. 

SINGLE-PHASE FLOW THROUGH A UNIT CELL 

The flow through an extended unit cell, Figure 1, is assumed 
to be identical to that through a segment of the corresponding 
infinitely long periodically constricted tube. The pressure drop 
along the extended unit cell (-h/2 5 z 5 h/2)  is assumed to he 
given by 

(14) 
The pressure gradient is oriented at an arbitrary angle relative to 
the unit cell network, which is isotropic. This flow problem was 
solved with a collocation method in Neira and Payatakes (1979). 

- h P h  = hlVPl COS(Y = C ~ I V P I  COW 

A dimensionless pressure drop is defined by 

Under creeping flow conditions, we have 

Exper. quant . 

Microscopic analysis: 
<d,>, mm 
<dg3>, mm3 
Initial drainage curve: 

<d,.>, mm 
<dC3>, 1nd 
<dC4>, mm4 

Experimental permeability 
k, mmz 

€ 

S w i  

AP,* can be calculated by integration of the viscous dissipation 
function. Neira and Payatakes (1979) performed this calculation 
for a large number of values of (r,*, r2*) and presented the 
results in graph form, Figure 4. 

ABSOLUTE PERMEABILITY 
Cubic Lattice 

Assuming a cubic lattice, one can easily show from continuity 
considerations 

TABLE 2. EXPERIMENTAL AND THEORETICAL ANALYSIS OF TYPICAL RANDOM PACKING OF 100X200 SAND 

Experimental Theoretical 

0.395 

0.105 
1.16 x 10-3 

0.09 
0.020 

9.54 x 
0.22 x 

3.55 x 10-6 

Exper. quant. 
Unit cell geometry: 
ct 
L'2 
cg (cubic) 
c3(tetrahedric) 
1, mm 
r1+ 
rz* 

-MI* (TI*, r2*) 

Collocation solution: 

Calculated permeability: 
k, mm2 (cubic) 
k, mni' (tetrahedric) 

4.16 
5.25 
0.684 
0.798 
0. loo 
0.095 
0.396 

194.26 

2.46 X lo-' 
1.42 X lo-' 
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m,2<d,4> 
4P( - APpT) k = k , = k , =  It;'., 

The fl2w rate through a unit cell qUe and the superficial 
velocity u through the porous medium are given by 

Tatdndrk Lattice 

In this case, we have 

Sample Cakulotions of Absolute Permobility 

The permeability of a random packing of nearly uniform glass 
beads with average diameter of 470 p m  and having porosity 
E = 0.40 is calculated with the present model and compared 
with the experimental value reported by Payatakes e t  al. 
(1973a). The constriction size distribution of this packing is also 
reported in Payatakes e t  al. (1973a); the analysis of the porous 
medium is summarized in Table 1. 

As should be expected, the experimental permeability value 
2.34 x mm2 is smaller than that calculated by assuming a 
cubic network, 3.97 x mm2, and it is slightly larger than the 
one based on the assumption of a tetrahedric network, namely, 
2.30 X mm2. The last value differs from the experimental 
one by only -1.7%. 

Agreement with the experimental permeability of packings of 
fine, relatively multisized sand grains is not as good as the one 
observed above. Consider, for instance, the 100 x 200 sandpack 
studied by Leverett (1941). The constriction size distribution for 
this sandpack, Figure 5, was obtained with the method de- 
veloped in Payatakes et  al. (1973) using the initial drainage data 
reported by Leverett. Other pertinent parameters for this po- 
rous medium are summarized in Table 2. The theoretical per- 
meability based on the cubic network is k = 2.46 x mm2, a 
value which is 31% lower than the experimental value 3.55 x 

mm2, reported by Leverett. This discrepancy is to be 
expected in view of the fact that the 100 x 200 sandpack deviates 
appreciably from a random packing of nearly uniform grains. 
Furthermore, some channeling through packings of very fine 

articles is quite likely (caused by the existence of regions of 
Lose packing), and this would tend to increase the experimental 
permeability. It should be added that the above analysis does 
not involve any adjustable parameters (such as tortuosity), but it 
is based on first principles and independent experimental mea- 
surements, as well as on a number of reasonable assumptions. 

RELATIVE PERMEABILITY TO WATER 

Consider a packed bed, the void space of which is filled with 
oil and water. Let +w and +,,be the number fractions of unit cells 
which are occupied completely by water and oil, respectively. 
Also, let +c,w be the fraction of the population of unit cells that 
contains an oil-water interface Obviously 

+u + 4 o u  + 40 = 1 (21) 
Before we can proceed, we need to establish one more rela- 

tionship between #f$., +,,and &.. At large water saturations, the 
oil exists in the form of relatively elongated oil ganglia. It is 
reasonable to assume that as &+l, (S,,.+l) the ratio +,,,,J+,, 
tends to some constant value r )  of the order of r )  % q h ,  and it 
does so with nearly zero gradient. On the other hand, for large 

0.5 

0 

- Cubic 

- -- tetrohedric 

1 I I I I I I I I -  - 7  

0 0.5 I .o 

9, 
Figure 6. Estimated dependence of 40 and doa on $,,., assuming 1) = 

'hnttl. 

oil saturation values, that is, as &+O, (Sw-+SWi), the ratio 
40,J+o vanishes. Assuming a binomial approximation (this is 
better than the linear approximation used in Payatakes, Flumer- 
felt and Ng, 1978), we get 

Equations (21) and (22) give 

These functions are plotted in Figure 6. 
Making now a water volume balance, we get 

Es,  = ES,~ + Nuc[+w<Vur>u. + 1/240u347ur>ou.] (24) 
Here <Vur>w stands for the average volume of unit cells filled 
only with water and <vuc>os for the average volume ofunit cells 
containing an oil-water interface. We have also assumed that 
unit cells containing an interface are filled half and half with 
water and oil. 

From Equations (10) and (11) we have 

Using Equations (7), (9), (23) and (25), Equation (24) becomes 

<d:>, 
<df> 

s, = s,i + (1 - Swi)C#lw [ - 
~(2-4q.)(l-  +tr) <df>ou, + 

2[1 +v4& -9dl <df> 
Assuming that water flow takes place only in unit cells that are 

filled completely with water, the effective permeability is ob- 
tained readily as 

(cubic lattice) 

6 rrc2z 4,r<dr.4>fr (tetrahedric lattice k,. = izeZ(-uT) 
Hence, the relative permeability to water kr f ,~  is given by 
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Figure 7. Experimental and theoretical relative permeability to water vs. 
water saturation for a pock of 100X200  sand. Experimental data after 

Leverett (1 939). 

Equations (26) and (28) give the sought relationship between 
k,, and S, in parametric form with &. as the parameter, pro- 
vided that <dC3>,, <dC4>, and <dC3>o, are available. These 
last quantities can be obtained routinely ifwe know the constric- 
tion size distribution of the unit cells filled with water and that of 
the unit cells that contain an oil-water interface. 

Experimental determination of k,,,. is ordinarily made with 
slow invasion of water into the porous matrix. Under these 
conditions, the displacement is taking place mainly owing to 
imbibition; in this case, oil is withdrawn first through the smaller 
channels and water is imbibed to fill the spaces beingevacuated. 
In such experiments, then, the population of unit cells filled 
with water will correspond to the range of low constriction 
diameter values.* 

Let fd,, be the constriction diameter frequency function 
(Payatakes and Neira, 1977). Let d,. be defined by 

dr,min 

that is, d,,. is such that unit cells with d<d,, are filled only with 
water and unit cells with d>d,,. are not. Clearly, d,,. is a function 
of and can be  determined readily iffdc is available. Then 

Sample Cokulotions of Relative Permeability to Woter 

The relative permeability to water for 100x200 sand was 
determined by Leverett (1939) under imbibition conditions, 
using an oil-water mixture. The experimental constriction size 
distribution curve for such a packing, Figure 5, was estimated 
with the method developed in Payatakes et  al. (1973a) using the 
initial drainage data reported by Leverett (1941). Leverett's 
experimental data and the corresponding theoretical curves are 

'If, on the other hand, the water is forced into the porous structure rapidly (under 
positive pressure), there is B strong tendency for water to invade through large pores 
(Moore and Slobod, 1956), and a larger relative permeability value is obtained. 

given in Figure 7 for 71 =%nth = 2 (tetrahedric network) and for 
?-nth = 3 (cubic network). The agreement between the ex- 
perimental data and the present theoretical results is excellent. 
Note that the k,, vs. S, data are virtually independent of the 
ratio of the viscosities pJp,,., under imbibition conditions. This 
also is in agreement with the theoretical results. 

SIMULATION OF THE FATE OF SOLITARY OIL GANGLIA 

This study provides information pertaining to the behavior of 
individual ganglia and forms the basis for the analysis of the 
collective behavior of large populations of interacting oil ganglia. 
The latter problem, in turn, is central to the understanding of 
oil-bank formation and/or attrition. 

In order to demonstrate the usefulness of the present model 
in simulating the fate of solitary oil ganglia, sample calculations 
pertaining to a 100~200 sandpack were performed. The con- 
striction size distribution for this porous medium is given in 
Figure 5; other pertinent parameters were given in Table 2. 

The details of the computer aided stochastic simulation and a 
comprehensive summary of the results are given in Ng and 
Payatakes (1980). Here we simply present an outline for the sake 
of completeness. 

For simplicity, the simulations were made with a two- 
dimensional version of the cubic lattice, as shown in Figure 2. 
For oil ganglia composed of a given number of CEVS's, say 
seven, the simulation begins by generating a randomly shaped 
conceptual ganglion (Figure 2) and by assigning random values 
to the diameters of the gate unit cells, according to the distribu- 
tion in Figure 5.  After each rheon, random dimensions are 
assigned to the newly occupied gate unit cells. The error intro- 
duced by omitting the third dimension is expected to be  sig- 
nificant only for relatively large ganglia, say ganglia occupying 
ten or more elemental void spaces. The results were obtained 
for zero contact angle, 6=0, and can be classified in two groups: 
individual stochastic realizations and expected behavior (ex- 
pressed in terms of probabilities). 

lndividuol Stochastic Reolizotiono 

A typical realization of the fate of a seven CEVS ganglion for 
N c a  = pwV,4yorl. = 1.07X is shown in Figure 8. As can be 
seen, the ganglion undergoes a series of three rheons, changing 
position and shape with each rheon, and then it breaks into two 
daughter ganglia. It so happens in this particular example that 
the smaller of the daughter ganglia becomes stranded im- 
mediately upon birth, while the larger one goes on (for a short 
while, anyway). 

This breakup phenomenon followed by eventual stranding of 
the daughter ganglia is observed for ganglia of all sizes larger 
than one CEVS. Ofcourse, ifthe value ofthecapillary number is 
high enough to mobilize a one CEVS ganglion even through the 
narrowest of constrictions, breakup is not followed by eventual 
stranding. However, such high capillary number values (N,., > 
lo-') cannot be easily achieved and maintained in a reservoir. 

Expected Behavior of Solitary Ganglia 

Various aspects of the expected behavior of mobilized ganglia 
can b e  obtained by averaging the results of a large number of 
realizations (runs). In each run the initial shape ofthe ganglion is 
generated by filling a given number of adjoining CEVS's at 
random. The rationale behind this policy is that even though 
every ganglion during its short lifetime strives to acquire a 
preferred elongated configuration (Ng and Payatakes, 1980), at  
birth (through breakup of a larger ganglion or coalescence of two 
smaller ones) its shape will be  more nearly arbitrary. The total 
length of computation time required for one realization is of the 
order of 1 s  or less, even for ten CEVS ganglia. Several hundred 
runs are made for each ganglion size, and the results are aver- 
aged. 

A convenient and useful way to summarize the results of the 
stochastic simulation is to report the probability of mobilization 
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Figure 8. Typical stochastic realization of the fote of a seven CEVS ganglion 
Initial position and shape. (b). Ganglion after one rheon. (c). Ganglion after twc 

rheon. The three CEVS daughter ganglion remains stranded, while 

(at least one rheon from the initial position) M ,  the probability of 
breakup per rheon B and the probability of stranding per rheon 
S as functions of the capillary number N, and the size of the 
ganglion. Clearly, M+B+S = 1. Such results for seven CEVS 
ganglia are plotted in Figure 9. Similar results for ganglion sizes 
from 1 to 50 CEVS's are given in Ng and Payatakes (1980) for the 
case of the 100x200 sandpack. The major conclusions from 
these simulations are: 

1. Oil ganglia tend to be elongated while moving. 
2. The probability of stranding per rheon decreases rapidly 

withNco and ganglion size; it is negligible for large ganglia (>ten 
CEVS) when Nco>5X (in complete agreement with previ- 
ous experience). 

3. The probability of breakup per rheon for ganglia larger 
than two CEVS is quite large, typically 0.10 to 0.17.* 

*This may be somewhat inflatedforlargegangliaowingtu the omission oftheeffect of 
three dimensionality. 

introduced randomly into a 1OOX200 sandpack; N,., = 1.07x (a). 
I rheans. (d). The ganglion breaks in two daughter ganglia during the third 
the four CEVS ganglion undergoes at  least one more rheon. 

4. The probability that medium sized and large (>three 
CEVS) solitary ganglia will not break into daughter ganglia 
during a series of, say, thirty rheons is virtually nil. 

5. The probability of stranding of small (one to  five CEVS) 
ganglia per rheon is significant, even in a 100x200 sandpack. 
Only for Nca>lO-' is this danger completely averted. 

6. For it',, values significantly below the critical one (-lo-*), 
the probability that a small (one to five CEVS) ganglion will not 
get stranded during a series of, say, fifty rheons is virtually nil. It 
is useful to recall that in the present case the distance traveled 
with fifty rheons is substantially less than 50e = 5 mm. 

These conclusions indicate clearly the crucial role played by 
coalescence and set the stage for the considerations of the follow- 
ing section. 

POPULATION BALANCE APPROACH TO OIL GANGLION 
DYNAMICS 

The seemingly pessimistic results from the simulation of the 
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Figure 9. Plot of the probabilities M, B and 5 vs. capillary number for 
seven CEVS ganglia in a 1 0 0 X 2 0 0  sandpack. Contact angle tJ = 0. 

fate of solitary oil ganglia indicate clearly that the interaction of 
neighboring ganglia is of paramount importance in averting 
monotonic deterioration of the initial population of ganglia. 

A method is developed here (see also Payatakes, Flumerfelt 
and Ng, 1978a, b) which utilizes the results pertaining to solitary 
ganglia and which at the same time accounts for interactive 
effects between ganglia. 

Initially, oil ganglia of various volumes and shapes are distrib- 
uted randomly throughout the reservoir. As the chemical flood 
commences, the leading slug of concentrated surfactant solution 
starts mobilizing the oil ganglia it engulfs. As a worst case 
analysis, we assume immiscible displacement. For given porous 
medium and flood conditions, only a fraction of the subpopula- 
tion of oil ganglia with volume in a given range [u, (u+AoU)] gets 
mobilized. Mobilized ganglia of given volume are assumed to 
move into the direction of the flood with a corresponding mean 
velocity and also to undergo dispersion in the axial and lateral 
directions. Larger oil ganglia are easier to mobilize, and there- 
fore should be expected to migrate at higher average velocities 
(undergoing more rheons per unit time). * Collisions between oil 
ganglia take place because of this difference in mean axial ve- 
locities (interception) and also because of the axial and lateral 
dispersion. If two ganglia collide and remain in close contact 
sufficiently long, they will coalesce into a new larger ganglion. 
This beneficial growth process is curbed to a certain extent by 
the continual fissioning of large ga-nglia into smaller ones. If the 
daughter ganglia from a fission are sufficiently small, they have a 
high risk of getting stranded by encountering a set of narrow 
throats. In the final analysis, the competition between coales- 
cence on one hand and fission and/or stranding on the other will 
determine whether an oil bank is formed or not. In the latter 
case, the oil ganglia fail to organize into larger (and fewer) ones; 
instead, they remain numerous and small, keep losing ground 
with respect to the flood front and eventually become stranded. 

Mathematical Formulation 

Consider a layer of the oil reservoir with differential thickness 
Az, where z is the Cartesian coordinate in the direction of the 
flood, Fig. 10. This differential control volume and its surround- 

*An interesting exception to this will he very small ganglia with diameters compara- 
ble to or less than the throat diameters ofthe porous medium. Such ganglia are carried by 
the moving continuous phase at significantly higher velocities than those of ganglia 
creeping along through rheons. They also can cause considerable increase of the 
pressure drop when they get strained at narrow throats. This last phenomenon is very 
similar to deep bed filtration with predominant straining (Payatakes, Brown and Tien, 
1977; Tien and Payatakes, 1979). Formation of such small oil droplets is possible 
through snap-ofTfrom larger ganglia at narrow throats (Roof, 1970) and is deleterious to 
successN flooding, leading to formation of dilute oil-in-water emulsions. Here, we will 
assume that the conditions are such that this phenomenon does not take dimensions.. 
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Figure 10. Control volume used in the analysis. Its thickness Az is as- 
sumed large compared t o  the oil ganglia but small compared to the 

macroscopic dimensions of the reservoir. 

ings contain multisized oil ganglia, either moving or stranded. 
Let a ganglion with volume in the range u to u + Au be denoted 
as a ganglion. Making number balances for moving and 
stranded u ganglia, we get two coupled integrodifferentialequa 
tions of the birth-death type (for a detailed derivation see 
Payatakes, Flumerfelt and Ng, 1978a): 

+ S (0 ; ~ 2 ) [ r i  K io(u, 0 --u ;a*) 
n(z,t;u)u(z, t;u -u)du 

+ J; w u ; a  1) $(u ;az)W(u, 0). ( z ,  t;u)dul 

- 4z,t;u)j;  Kl,(u,o;_a4)n(z.t;u)d~ (32) 

The physical meanings of the terms appearing in Equation 
(31) are as follows (from left to right): (1) rate of accumulation of 
movingu ganglia, (2) net efflux ofu ganglia due to convection, (3) 
net efflux of u ganglia due to axial dispersion, (4) rate of loss of 
moving u ganglia due to stranding, fission, collision-coalescence 
with other moving ganglia and collision-coalescence with 
stranded ganglia, (5) rate of generation of moving u ganglia 
through collision-coalescence of appropriately sized smaller 
moving ganglia, (6) rate of generation of moving u ganglia 
through collision-coalescence of smaller moving ganglia with 
stranded ones, and through fission of larger ganglia. 

The physical meanings of the terms of Equation (32) are (from 
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left to right): (1) rate of accumulation of stranded D ganglia, (2) 
rate of stranding of mobilized u ganglia, (3) rate of generation of 
stranded u ganglia through collision-coalescence of smaller 
ganglia, one of which is stranded, and through stranding of u 
ganglia formed by fission of larger ganglia, (4) rate of loss of 
stranded u ganglia by collision-coalescence with oncoming gan- 
glia. 

In  the ganglion population balance equations 

Ki,(u,o;s,) = [R, j (U,u;&l)  + D ~ J ( u , u ; ~ l ) ~ , J ( u , u ; ~ 3 3 )  (S3) 

are the collision-coalescence kernel functions. 
Approximate expressions for the interception kernel func- 

tions R ,  and the dispersion kernel functions D,, were derived in 
Payatakes, Flumerfelt and Ng (197th) for sparse ganglion popu- 
lations. It can he shown that the same expressions are also 
applicable to relatively dense ganglion populations: 

(39) 

Ng and Payatakes showed that the stranding coefficient A and 
the breakup coefficient 4 can be obtained from the probabilities 
M, B and S pertaining to solitary ganglia: 

S In M A=--- 
(1-M) s ,  

(41) 
B In M + =  

(1-M) s ,  

They also calculated the dispersion coefficients D ,  and D ,  as 
well as the breakup-mode probability density W(u,u). 

The system of Equations (31) and (32) can be integrated with 
appropriate initial and boundary conditions. If the axial disper- 
sion term on the left-hand side of Equation (31) is neglected, the 
following boundary conditions can be  used at the front of the 
flood: 

For z = V,t, t > 0: 

u = F(z ,u )  S(u;g,) 

where F(z,u) is a given function describing the initial spatial 
distribution of u ganglia for any value of U. 

The parameter vectors g, andgz contain, among other param- 
eters, the water saturation Su,. This, in turn, is given by 

(43) 

where m,  and p1 are the first moments ofn and u, respectively: 
(44) 

This must be taken in account in integrating the population 
balance equations. 

Fortunately, equations of this type appear quite frequently in 
particulate processes (sol or aerosol coagulation, crystallization, 

(ml+Pd S , = l -  
€ 

m,(z,t) = 1; un(z,t;o)du, p*(z,t) = j;uu(z,t;u)du 

coalescence, living cell systems, etc.). Thus, numerous solution 
methods have appeared which can be applied to the problem at 
hand. Of these, collocation and the method of weighted residu- 
als seem the most promising. 

Limiting Cape - No Coalescence 

The importance of coalescence can be illustrated effectively 
by considering the hypothetical case when the oil ganglia are 
stabilized to the point where the probability of coalescence 
given a collision vanishes, Cij(u,u;g3) = 0. To simplify matters, 
consider an initially monosized 2 j  ganglion population distrib- 
uted uniformly in the range z 2 0 ,  [F(z,u) = p = constant]. 
Neglecting the axial dispersion term from the left-hand side of 
Equation (31), and focusing on the 2j  ganglia only, we get the 
simplified balance equations 

Introducing the new time variable 

~ 

we obtain the transformed v ganglion balance equations 

($), = -Zi,(A+c$)n, 

(S) =G,An 
2 

(46) 

(47) 

These are to be integrated with the following initial and 
boundxry conditions: 

For T > O ,  z 2 0  : n = 0 

This system was solved in Payatakes, Flumerfelt and Ng 

(49) 

(197%) with the method of characteristics* to obtain 

for G,t <z S’& (50) 

u-ps 
= 1 - exp[- (A+c$)z] for OSz% EJ (54) 

An upper bound for the microdisplacement efficiency under 
the present conditions can be  obtained by assuming absence of 
ganglia breakup. This is due to the fact that if any daughter 
ganglia are produced, they have a higher probability of getting 
stranded. Hence, in order to study the best possible (actually 
unattainable) case, given the assumptions of this analysis, we set 

The flood in  the absence of‘coagulation is quite ineffectual. Its 
main effect on the original population of u ganglia is to mobilize 
a number of them and transport t h e q  along various distances 
downstream, where they become stranded anew. The new trap 
positions are such that mobilization is not possible without 
improving the chemical flood conditions. As can be seen from 
the example in Figure 11, a traveling bulge is formed. Its front 

9(u;az) =o. 

‘TO avoid confusion, it must be  noted that in the present work + 15 defined slightly 
differently, it correqwndc to m Payatakec et al (1978) 
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Figure 11. Traveling bulge of moving v ganglion concentration in the 
absence of coalescence. The corresponding stranded v ganglia concentra- 
tion profile is also shown. Typical parameter values used in the calculation 

are: V, = 3.5 pmls, Ti, = 0.35 pm/s, A = 3 mm-', 4 = 2 mm-I. 

moves with the front of the flood at velocityvf, while its trailing 
edge moves with velocity uz. Consequently, the bulge stretches 
rapidly with time. The value of n(z,t,w) at the leading front is 
always P[I-S(~;llz)]/(l-~~Nf), whereas the value at the trailing 
edge decays as a negative exponential [Equation (SO)]. 

The microdisplacement efficiency E m ,  defined as the fraction 
of residual oil recovered at position z =L at time t ,  is given by 

E,(L,t) = (Lup)-' un(L,t;u) il,(u;g,)dt, 
LI Vf 

L 
for t 5 : 

UZ 
(55) 

L 
f o r t  I, 

112 

Maximum useful pore volumes correspond to t = L&. Be- 
yond that point, no additional recovery can be expected without 
improving the flood conditions. Using Equations (50) and (55), 
we get 

(1-S) L 
E,(L,t) =------tl - exp(-hL)] for tZ: 

XL u.2 

Since L is of the order of 100 m and for typical capillary 
numbers A is larger than 10 1n-I (Ng and Payatakes, 1980), we 
have AL>103, and therefore 

even for infinite pore volumes and discounting fission. Such a 
flood is very ineffective. This serves to underline the crucial 
importance of coalescence to successful chemical flooding. 

The central role of coalescence is known to reservoir engi- 
neers both from laboratory and field tests. More recently, its 
role has been stressed and further explored by Wasan and his 
co-workers (Wasan e t  al., 1978, 1979). The present work makes 
possible the quantitative assessment of several dominant fac- 
tors, including coalescence, on the dynamics of oil bank forma- 
tion and attrition. 

NOTATION 

a 

a' 
al, gz, 3, -a4 = parameter vectors 

B(u;gz) 
Ci,(u,u;g3) = probability that a u ganglion and a u ganglion 

coming in contact will coalesce, before they are sepa- 
rated again by the flow; ij = 11 if both ganglia are 
moving, ij = 10 if only the u ganglion is moving and ij 
= 01 if only the u ganglion is moving 

= maximum diameter of the periodically constricted 
tube corresponding to a given unit cell, Figure 1 

= maximum diameter of a unit cell, Figure 1 

= probability of breakup of a u ganglion per rheon 

c1,c2, c3 = constants defined by Equations (5) and (6) 
D&,u;gl) = collision kernel functions for dispersion; ij = 11 if 

both the u ganglion and the u ganglion are moving, ij 
= 10 if only the u ganglion is moving and ij = 01 if 
only the u ganglion is moving [Equations (37) to (39)] 

D,(u;gl) and D,(u;al) = axial and lateral dispersion coeffi- 
cients for moving u ganglia 

d = minimum diameter of a unit cell, Figure 1 
d, = effective constriction diameter 
d,,,,, = maximum experimental value of d,. 
d,,,,, = minimum experimental value of d, 
d, = grain diameter 
dt = constriction diameter of the ith gate unit cell 
d,(&) = diameter (function of 4,) defined by Equation (29) 
E m  = microdisplacement efficiency 
F(z,u) = function giving the spatial distribution of the number 

ofu ganglia per unit volume for any value ofu at the 
start of the chemical flood 

fdc 
h 

= constriction diameter frequency function 
= wavelength of the periodically constricted tube cor- 

responding to a given unit cell, (length of extended 
unit cell), Figure 1 

h' 
I 

I d r  = drainage curvature 
l i m b  = imbibition curvature 
low = curvature of oil-water interface 
K = index of the gate unit cell through which the hygron 

takes place 
K&,u;gr) = overall collision-coalescence kernel functions; ij 

= 11 if both the u ganglion and the u ganglion are 
moving, ij = 10 if only the u ganglion is moving andij 
= 01 if only the u ganglion is moving 

= length of unit cell, Figure 1 
= index of the gate unit cell through which the xeron 

takes place. 

k 
k ,  
k,, k ,  = absolute permeabilities to oil and water, respectively 
k,,=k&, = relative permeability to water 
L = distance between injection and production points 

(here we neglect the radial nature of the flow pattern) 
e = length of periodicity of the porous medium 
M(u;sz)  = probability that a u ganglion will undergo at least one 

ml(z,t) = first moment ofn(z,t;v) 
Nc.=pJ,/y,, = capillary number 
N P  

N R e  

= absolute (single phase) permeability 
= effective permeability to water 

rheon from its present position 

= number of pore chambers per unit volume 
= Reynolds number of flow through a unit cell, Equa- 

tion (16) 
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Nu, = number of unit cells (or constrictions) per unit vol- 
ume 

n(z,t,u)Au = number of moving u ganglia per unit reservoir 
volume 

nfh = average number of satellite throats (constrictions) of 
an elemental void space 

P = pressure; the subscripts o and w refer to the Oil and 
water phase, respectively 

q n c  = flow rate through a unit cell 
&(u,u;gl) = collision kernel hnctions for interception; ij = 11 if 

both the u ganglion and the v ganglion are moving, ij 
= 10 if only the u ganglion is moving and ij = 01 if 
only theo ganglion is moving [Equations (34) to (36)] 

r 
r&) 
r?, t-3 = dimensionless minimum and maximum radii of the 

periodically constricted tube corresponding to an 
extended cell 

S(u;_a,) = probability that a u ganglion introduced randomly in 
the porous medium will find itself stranded before a 
single rheon takes place; also, probability of strand- 
ing per rheon 

= radial coordinate in a unit cell, Figure 1 
= unit cell wall radius at axial position z 

s w  = water saturation 
S,i = irreducible water saturation 
SZ = expected length of travel of the centroid of a u gan- 

= time measured from the initiation of the flood 
= superficial velocity vector 

glion in the z direction per rheon 

t, 
U 
az(u;gl) = mean velocity of the centroids ofu ganglia in the axial 

Vr = superficial velocity of the aqueous phase 
vfl = volume of oleic phase in the immediate neighbor- 

VW = unit cell volume 
v,. = volume of water phase in the immediate neighbor- 

0 0  = average velocity at the unit cell constriction 
W(u,u)Au = probability that a u  ganglion undergoing fission will 

produce two daughter ganglia, one of which is a 0 
ganglion 

direction 

hood of a constriction 

hood of a constriction 

x,y 
z 

= Cartesian coordinates, Figure 10 
= axial coordinate in the unit cell, Figure 1; also, Carte- 

&an coordinate in the direction of the flood, Figure 
10 

z* = dimensionless axial coordinate in a unit cell 

G w k  Letters 

a = angle between the axis of a unit cell and the macro- 
scopic flow direction 

yf18,’yflw,yws = interfacial tensions at the oil-solid, oil-water and 
water-solid interfaces, respectively 

A P h  =pressure drop along an extended unit cell (single 
phase) 

LU’~ = dimensionless pressure drop along an extended unit 
cell 

APT = dimensionless pressure drop along an extended unit 
cell at NR? = 1, neglecting inertial effects, Figure 4 

6 = distance between adjacent nodes of the tetrahedric 
lattice 

E = porosity 
17 
e 

@i j 

= limiting value of +,,,,/+,, as S,,.+1 
= apparent contact angle as measured from the wetting 

phase 
= angle between the line connecting gate constriction i 

to gate constrictionj and the macroscopic flow direc- 
tion 

K = side of each elemental tetrahedron in the tetrahedric 
unit cell network 

A(u;gz) = stranding coefficient 
P = dynamic viscosity 
pI(z,t) = first moment of u (z, t;u) 
V = kinematic viscosity 

P 
u(z,t,*)Au = number of stranded u ganglia per unit reservoir 

= fluid density (single phase). 

volume . 

+ ( u ; G ~ )  = breakup coefficient 
+,,,& 

+flw 

7 = transformed time, Equation (45) 

= number fraction of unit cells which are filled with oil 

= number fraction of unit cells that contain an oil-water 
or water, respectively 

interface (gate unit cells) 
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Dendritic Deposition of Aerosols 
by Convective Brownian Diffusion for 
Small, Intermediate and High 
Particle Knudsen Numbers 

When an aerocolloidal suspension flows through a fibrous filter, particles 
deposit on the fibers and form dendrites. Similar phenomena are observed 
with collectors other than fibers, provided that the characteristic dimension 
of the collector does not exceed that of the particles by more than one to 
two orders of magnitude. This deposition pattern leads to marked increases 
in capture efficiency and pressure drop, as particles accumulate within the 
filter. In previous publications, theoretical models of this process were 
developed for the cases of deposition by interception alone and of deposi- 
tion by combined inertial impaction and interception. Consequently, those 
works apply to aerosol particles with diameters of 1 pm or larger. Here we 
extend the model to the case of submicron particles, where the main 
transport mechanism is Brownian diffusion. To keep things specific, we 
consider fine fibers as collectors, but the model can be easily converted to 
other geometries. We present solutions for the cases of nonslip flow around 
the fiber and nonslip, slip and free molecular flow around particles. Unlike 
deposition by inertial impaction and/or interception, convective Brownian 
diffusion forms dendrites over the entire fiber surface. 

SCOPE 

Aerosol filtration in fibrous mats is one of the most 
efficient methods of solid-gas separation, especially in the 
case of submicron particles. Fibrous filters are compact, 
provide excellent capture efficiency and present minimal 
resistance to flow. For given pressure drop, the flow rate 
through a fibrous Blter is several times higher than that 
through a fabric filter of equal area, without sacrifice in 
capture efficiency or danger of blinding. Their main draw- 
back seems to be that in situ cleaning is usually difficult. 
Hence, most industrial applications are still confined to 
cases where high efficiency is demanded and where the 
use of disposable filter elements is practical (clean rooms, 
emergency filtration systems for radioactive aerosols, 
absolutely clean air supply for aseptic fermentation pro- 
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cesses, respiration masks, automobile air intake and ex- 
haust filters, etc.). 

The pattern of particle deposition in a fibrous filter is 
highly complex and intrinsically connected with the 
efficiency, loading capacity and permeability of the sys- 
tem. Therefore, rational design, optimization, operation, 
troubleshooting and innovation require intimate un- 
derstanding and reliable analysis of the deposition pro- 
cess and its effects on the system variables. During m 
initial period, aerosol particles deposit on the collector 
surfaces, forming chainlike agglomerates. This phenoma 
non and its consequences have been analyzed for the case 
of particles larger than 1 pm in Payatakes (“7) assuming 
deposition by interception alone, and in Payatakes and 
Gradon (1979) for deposition by combined inertial impac- 
tion and interception. In the present work, we deal with 
the important case of submicron particles, where the 
dominant transport mechanism is convective Brownian 
diffusion. 
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